Electrodynamics of Perfect Conductors by Fiolhais, Miguel C. N. & Essén, Hanno
ar
X
iv
:1
30
1.
56
75
v1
  [
ph
ys
ics
.cl
as
s-p
h]
  2
3 J
an
 20
13
Electrodynamics of Perfect Conductors
Miguel C. N. Fiolhais∗
LIP, Department of Physics, University of Coimbra, 3004-516 Coimbra, Portugal
Hanno Esse´n†
Department of Mechanics, KTH, 10044 Stockholm, Sweden
(Dated: January 25, 2013)
The most general electrodynamic equations of a perfect conducting state are obtained
using a variational principle in a classical framework, following an approach by Pierre-Gilles
de Gennes. London equations are derived as the time-independent case of these equations,
corresponding to the magnetostatic minimal energy state of the perfect conducting system.
For further confirmation, the same equations are also derived in the classical limit of the
Coleman-Weinberg model, the most successful quantum macroscopic theory of supercon-
ductivity. The magnetic field expulsion is, therefore, a direct consequence of zero resistivity
and not an exclusive property of superconductors.
The following paper is published in the International Journal of Theoretical Physics:
http://link.springer.com/article/10.1007%2Fs10773-013-1491-9
I. INTRODUCTION
With the discovery of the magnetic field expulsion from superconductors by Meissner and
Ochsenfeld, in 1933 [1], Meissner claimed the effect had no classical explanation, creating a dis-
tinction between perfect conductors and superconductors. Even though this statement has been
repeatedly contested and disproved in the scientific literature throughout the years, the magnetic
field expulsion of a superconductor is still presented in most textbooks as a pure quantum effect.
This view has been refuted by Cullwick [2], de Gennes [3], Pfleiderer [4], Karlsson [5], Bad´ıa-Majo´s
[6], Kudinov [7], Mahajan [8], Fiolhais et al. [9], among others, by reaching the conclusion that
the magnetic flux expulsion from a superconductor corresponds to an approach to the state of
minimum magnetic energy. A recent review by Esse´n et al. [10] addresses the arguments that lead
Meissner to his conclusion and to decades of misunderstandings.
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2One hundred years after its discovery, superconductivity is far from being a well understood
phenomenon neither at the microscopic nor at the macroscopic level. This letter attempts to
provide further clarification on the macroscopic behavior of superconductivity, in particular the
Meissner effect, by establishing a bridge with perfect conductivity. The most general equations of
a perfect conducting system are derived by minimizing the action of the electromagnetic field and
the magnetic field expulsion, i.e. the London equations, corresponds to the magnetostatic energy
minimum state (equilibrium solution). In this letter we also show that this result is corroborated
and validated by the classical limit of the most successful quantum field theory of superconductivity
built to date, the Coleman-Weinberg model.
It must be stressed that superconductivity is far from being a classical phenomenon, an idea not
supported by the authors nor that superconductors and perfect conductors are the same thing. The
magnetic field flux expulsion appears in the classical limit of a quantum theory of superconductivity,
as a result of perfect conductivity, i.e. in the absence of dissipative losses. Consequently, Meissner
effect does not distinguish superconductivity from perfect conductivity as it is often stated, instead,
the main distinction comes from the phase transition.
II. CLASSICAL ELECTRODYNAMICS FRAMEWORK
A classical derivation of the London equations for the magnetic field expulsion based on a
minimum energy principle can be found in de Gennes textbook Superconductivity of Metals and
Alloys [3]. The internal energy density of a perfect conductor is assumed to have two contributions,
namely the electromagnetic field energy density UEM and the kinetic energy density of the moving
superconducting charge carriers UK :
U = UEM + UK
U = 1
2
B2 +
1
2
nmv2 , (1)
where n is the density of charge carriers of mass m and charge e. The magnetic field energy is
considered to be separate from the kinetic energy of the conduction electrons, which is valid in
the classical approach, and the drift velocity of the free electrons is assumed to be approximately
equal to their total velocity, true in the low temperature limit. By means of the Maxwell equation
3∇×B = 1c j and j = env, the total energy of the system becomes:
U =
∫
UEM + UK dV
U =
1
2
∫
B2 + λ2L (∇×B)2 dV , (2)
where n is assumed to be constant in the region where there is current, and the London penetration
depth is,
λL =
√
mc2
ne2
. (3)
By minimizing the energy with respect to the magnetic field, the London equation appears natu-
rally,
B− λ2L∇2B = 0. (4)
The conclusion is summarized in de Gennes book as: “The superconductor finds an equilibrium state
where the sum of the kinetic and magnetic energies is minimum, and this state, for macroscopic
samples, corresponds to the expulsion of magnetic flux”.
Here we further extend the work of de Gennes by considering the action for the perfect con-
ducting system and applying the variational principle to this action which allows us to derive most
general dynamic equations of the electromagnetic field inside a perfect conductor. In this case,
unlike the static case, the electric field appears, induced by the variation of the magnetic field
(Faraday-Lenz law). Note that the perfect conductor is electrically neutral at each point, i.e. the
charge density ρ is zero everywhere, therefore, no Coulomb potential is considered. By including the
contribution from the induced electric field, and by using the Maxwell equation ∇×B = 1c j+ 1c ∂E∂t ,
the total energy density of the system becomes,
U = 1
2
E2 +
1
2
B2 +
1
2
nmv2
U = 1
2
E2 +
1
2
B2 +
1
2
m
ne2
j2
U = 1
2
E2 +
1
2
B2 +
λ2L
2
(∇×B)2
+
λ2L
2
1
c2
(
∂E
∂t
)2
− λ
2
L
c
∂E
∂t
· (∇×B). (5)
Therefore, the full lagrangian density of the perfect conducting system is:
L = Fµ0 ∂A
µ
∂t
− U
L = 1
2
E2 − 1
2
B2 − λ
2
L
2
(∇×B)2
− λ
2
L
2
1
c2
(
∂E
∂t
)2
+
λ2L
c
∂E
∂t
· (∇×B). (6)
4Applying the usual variational principle to the action constructed from this Lagrangian, the Euler-
Lagrange equations for E and B are readily obtained,
B− λ2L∇2B+
λ2L
c2
∂2B
∂t2
= 0, (7)
and,
E− λ2L∇2E+
λ2L
c2
∂2E
∂t2
= 0. (8)
These equations are Klein-Gordon-like equations for the components of the electric and magnetic
fields, which implies the electromagnetic field must be highly suppressed inside the perfect con-
ductor. In the stationary regime, the equation for the electric field is fulfilled with E = 0, and
the equation for the magnetic field reduces to the London equation of the magnetic field expulsion
out of a superconductor, namely: B − λ2L∇2B = 0. In summary, the London equation is the
time-independent variational equation derived from the action of the electromagnetic field inside
a perfect conductor.
III. COLEMAN-WEINBERG MODEL
Soon after the discovery of the Meissner effect, London brothers developed the first phenomeno-
logical description of the electromagnetic field in a superconductor [11]. Later on, in 1950, Ginzburg
and Landau [12] proposed a macroscopic quantum theory able to describe the phase transition and
predicting the existence of a coherence length in superconductors. The ratio between the London
penetration length and the coherence length, i.e. the Ginzburg-Landau parameter κ, determines
the dividing line between type-I and type-II superconductors at κ = 1/
√
2 [13]. Moreover, the
tricritical point, which separates first and second order phase transitions in superconductors, was
predicted to lie near the type-I and type-II dividing line at κ ≈ 0.81/√2 [14–16], and later con-
firmed by Monte Carlo simulations to lie at κ = 0.76/
√
2±0.04 [17]. The first microscopic theory of
superconductivity (BCS theory) was established in 1957 by Bardeen, Cooper and Schrieffer [18–20]
and, also in the same year, Abrikosov predicted the penetration of strong magnetic fields in type-II
superconductors through quantum vortices [21], giving further credibility to the Ginzburg-Landau
model. The first quantum field theory of superconductivity came in 1973 by Coleman and Wein-
berg [22], as a four-dimensional version of the Ginzburg-Landau model. The Coleman-Weinberg
model is a scalar field theory with a quartic interaction, similar to the Higgs model, proposed in
1964, to explain how particles acquire mass in the Standard Model of particle physics through the
spontaneous symmetry breaking mechanism [23–26].
5The classical Lagrangian of the Coleman-Weinberg model reads
L = 1
2
(∂µ + ieAµ)φ∗ (∂µ − ieAµ)φ
−1
2
µ2|φ|2 − λ
4
|φ|4 − 1
4
FµνFµν , (9)
where e represents the electric charge, and λ gives the strength of the quartic term. The scalar
(spin-0) field is represented by φ with a mass term µ2, and Aµ is the electromagnetic four-potential
with Fµν = ∂µAν−∂νAµ. The ground state of the potential, V (φ) = 12µ2|φ|2+ λ4 |φ|4, is particularly
interesting if µ2 < 0. The minimum of the potential is obtained for an infinite number of degenerate
states satisfying:
φ2 = −µ
2
λ
=
|µ2|
λ
= ν2 , (10)
where ν represents the vacuum expectation value. The complex scalar field φ(x) can be
parametrized around the minimum in the most general form in terms of two real fields h(x) and
θ(x),
φ(x) = (h(x) + ν) eiθ(x)/ν . (11)
By taking a particular gauge choice, θ(x) = 0, the symmetry is spontaneously broken, and the
Lagrangian becomes,
L = 1
2
(∂µh)2 − λν2h2 + 1
2
e2ν2A2µ − λνh3 −
1
4
λh4
+
1
2
e2h2A2µ + νe
2A2µh−
1
4
FµνFµν . (12)
where the vector gauge boson field Aµ appears with a mass term, mA = eν, known as the Meissner-
Higgs mass [15]. The Euler-Lagrange equation for the gauge field Aµ yields,
∂µF
µν = jν = −e2 (h+ ν)2Aν
= −e2φ2Aν , (13)
which is equivalent to the London equations, where φ2 is proportional to the charge carriers density
in the superconductor. It is worth noting, however, that the existence of a quartic interaction in
the superconductor, which generates a vacuum expectation value different from zero and explains
the phase transition, naturally increases the value of φ2 and enhances the strength of Meissner
effect as in comparison with a perfect conductor (normal QED).
In conclusion, the London equations were derived using the classical Lagrangian of the Coleman-
Weinberg model, i.e. without applying any quantum corrections. Thus, the magnetic field expul-
sion from a superconductor shall not be regarded as a genuine quantum effect.
6IV. SUMMARY
There are two main conclusions to draw from this letter: 1) magnetic field expulsion, the
Meissner effect, is not a quantum effect - the London equation can be derived classically or ob-
tained as a classical limit of a quantum theory, and 2) the Meissner effect is not restricted to
superconductors only, appearing as a consequence of perfect conductivity, independently of the
mechanism that leads to zero resistance. These conclusions were drawn as a direct result for a per-
fect conductive system in a classical framework and as a classical limit of a quantum field theory,
the Coleman-Weinberg model.
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